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Molecular Integrals in the Equation of a Correlated Electronic Wave Function
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An equation has been derived for a correlated electronic wave function satisfying the two-particle correlation
cusp condition. Molecular integrals of spatial operators in the equation have been formulated based on the
recursive formulations of general molecular integrals given by Honda, Sato, and Obara. An efficient scheme of
computing them is proposed by taking advantage of the recursive and translational relations of the integrals.

The electron correlation remains one of laborious
tasks of taking into account at the ab initio calculations
of electronic wave functions of atoms and molecules.
Much work have been done by the use of the configu-
ration interaction (CI) methods and/or the perturba-
tion theory for various sizes of molecular systems. The
method employing correlated functions, which explic-
itly depend on the interparticle distances, is, however,
limited to atoms, atomic ions, and small molecules.!—1%
One of the causes is the complexity of the formulas of
the molecular integrals necessary for the method and
the resulting complicated computations involved in the
method. The purpose of the present work is, thus, to
give a simple formulation and an efficient scheme of
computing these molecular integrals.

Largo- Cabrerizo and Clementi® have formulated
the molecular integrals necessary for the Hylleraas-CI
method. These integrals have a close relation to the
molecular integrals. Their formulas of the molecular
integrals, however, are written in terms of primitive pa-
rameters and, therefore, take very much complicated
forms. Their formulas do not readily lead us to an effi-
cient method of computing them.

The molecular integrals treated in this paper are
those over cartesian Gaussian functions, which are usu-
ally used in the ab initio calculations. The present for-
mulation is based on the recursive formulation given
by Honda, Sato, and Obara.'® The recursive formu-
las of molecular integrals, as well as their horizontal
relations,'® lead us to an efficient computation. The
present computational scheme takes into account of the
contracted basis functions usually used in the ab initio
calculations, so that, the scheme is of practical use.

In the subsequent section the correlated electronic
wave function, the equation satisfied by the function,
and spatial operators, whose molecular integrals are to
be calculated, are given. In the 2nd section the molec-
ular integrals over cartesian Gaussian functions are ex-
pressed in terms of those over hypergaussian functions,
and in the 3rd section the recurrence formulas are re-
duced from those given by Honda, Sato, and Obara. In
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the 4th section the formulas of molecular integrals over
the contracted basis functions are assembled. In the
5th section computational strategy is discussed, and a
summary is added in the last section.

I. Equation of Correlated Electronic Wave
Function

The approximate wave function treated in this paper
takes a form of
v =Chy. (1)

Here C'is a “correlation part” depending on the inter-
particle distances;

C = exp [D], (2)

nuclei electrons

Pij(ri) + 3

i<j I %

electrons

D= Pir(rir),  (3)

where r;;(r;;) is the distance between electron 4 and
electron j (nucleus I with its charge Z;)

(4)
()

and P;;(P;r) in D is a polynomial of 7;;(r;r) whose low-
est order is one

rig =| i |, rij =1 -1,

rir =| rir |, rir =7 — Ry,

(6)
(7)

The two-particle correlation cusp condition® requires
the coeflicients c;;1 and ¢;71 of the first order terms to
be

2
Pij(riy) = cijiriy + cijors; + -+,

2
Pip(rir) = cinirir + cirerir + -+ - .

(8)
Cir1 = —ZI- (9)

Cij1 = 57

The function ¢ in Eq. 1 is a “noncorrelation part”
which does not depend explicitly on the interparticle
distances.

Substitution of ¥ into the Schrédinger equation

AV =EV (10)
leads us to the equation of 9

HCp = EC, (11)
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C™' HCy = By, (12)

which is farther reducible by virtue of the exponential
form of C to

exp[—D]#exp[D]y = Evp, (13)

(w14 mDLDI - fo=B0 (14)
with a commutator [A, B

[A,B] = AB — BA. (15)

Only noncommutative operators in # with D are the
kinetic operators
1 0?

Ti=—%V?=—— = (16)

2 u2,: Ol

then the term [# D] of the above equation becomes

B NS

i>j Tij 2Tij

— Z ncijn[r?j_zrij-(v,' — VJ) + ('IL + I)TZ_Q]}

n=2
ZI"'zI Vi

+Z {TU Til
- Z nCzIn "'11 Vi + (n + I)T?I_Q]} . (17)

The first terms —1/r;; and Z;/r;; in the braces cancel
out the terms 1/r;; and —Z;/r;; in the original Hamil-
tonian # which would lead us to avoid the divergence
difficulty of the inverse distance potentials taking place
when two particles collapse. The term [[# D], D] re-
duces for two-electron systems to

—Z Z nmcijncijmr?j+m_2

i<jn,m=1

(#D],D] =

n+m-—2
— E E NMCiInCilmT;J .

i n,m=1

(18)

Higher order commutators than the second, such as
[[[# DI, D], D], become identically naught, since the
second order commutator [[# D], D] already commutes
with D.

The molecular integrals we should formulate are those
for the following one-electron operators

2
O1r,2n = TiT, (19)
9 1 7,,211+2
Oroni =ript = 2, (20)
Tir
2n

O2,2n =111 T11°V1, (21)

2n—1 onT11°V1

Oron-1 = i1 T1i'Vi=ri] o

- Rl, n > 0)
(22)

(7‘11 =| r1I |, Tir=T1

and two-electron operators
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Os2n =113, (23)
N r 2n+2
ﬁ3,2n+l - 7"%727"*- 'L7 (24)
T12
Oson = 7‘%3”'12'(V1 - Va), (25)

Yr10:(V1 — V) = ngirlz'(VI = V2)~
T12

(riz=|r12|,ri2=7r1—72, n>0)

@'4271 1= 7'12

(26)

In the subsequent section we shall give the formu-
las of molecular integrals over unnormalized cartesian
Gaussian functions ¢ for the above operators based
on the general recurrence formula over hypergaussian
functions!®!” employing their notations as much as

possible. The unnormalized cartesian Gaussian func-
tion ¢
¢ = ¢(T - R;’n,C)
= (rz — Rs)" (ry — Ry)™ (r» — R.)"* exp[—((r — R)?],
(27)
n = (ng,ny,n;) (28)

can be expressed in terms of hypergaussian function @

9 = Q(T_R;Cak;nvl)
_ 0 1., 0 1, 0
- 6_RI) (8Ry) (ORz)
x ¢(r — R;n, () expltk-(r — R)],
(29)
k= (krvkwkz)a (30)
U= (lo, by, 1) (31)
as
o(r — R;n, () = &(r — R;(,0;n,0). (32)

Note that the cartesian Gaussian function ¢ is the hy-
pergaussian function with k=10=0. Also note that the
hypergaussian function with the parameters ¢, k, n, and
l being zero is unity;

&(r — R;0,0;0,0) = 1 (33)

These relations will be used to rewrite molecular inte-
grals over cartesian Gaussian functions into those over
hypergaussian functions, and to reduce recurrence for-
mulas over hypergaussian functions to those over carte-
sian Gaussian functions.

II. Molecular Integrals over Hypergaussians

In order to use recurrence formulas given by Honda,
Sato, and Obara!® the molecular integrals over carte-
sian Gaussian functions should be expressed in terms of
the hypergaussian functions. This section is devoted to
give these expressions.

A. One-Electron Operators @1 2, and @z 2,.
The one-electron operators @i on, @1 2n+1, @2,2n, and
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@5 2,1 contain the factor of a form r2#, which can be
, 17
written in its cartesian components as

2N

2N
TI )

N
"'Iy + le)

= (r—

= (rfz

Y k 2N —2k_2k-21_ 21
ZZ( ) < )TII TIy TIzs (34)

where the subscript 1 is omitted for simplicity. The

factor of a form r}/® lely /% in the last expression is

a moment operator and is expressible in terms of the
hypergaussian function as

rylzryivetls = &(r — R1;0,0;n,,0), (35)
then the molecular integrals of the operator & 5,

/ A7 $a 1 2n s

are reducible by the use of one-electron moment inte-
grals (OEMIs) denoted as [n,, nr, ny)

[Pa,mr,mp] = /dr¢a¢(r—R1;O,0;n1,0)¢b

= /dr(P('r R.; (a0, 0;1,,0)
x@(r — Ry;0,0;n;,0)
X ¢(7‘ — Rb; Cb,O; Ny, 0) (36)

as

n_ _k n k
/drﬁbaﬁl,znfﬁb =>> (k) (l) [na, 1, ] (37)
k=01=0

with angular momentum indices ny;, nz,, and ny, taking

values of
Nix = 2n — Qk, Niy = 2k — 2l, Nnr, = 21. (38)

The operator &, 2, contains r;-V

r;'V = Z 7’1;183 (39)

VETY,2
whose effect on ¢y, is

5}
¢y = " ORe, o

= —20Pp(r — Ry;mp + 14, ()
+Nu(n) oo (r — Ry;me — 1,4, )
= —2CPs(r — Re; (5, 0; 15 + 1,,,0)
+N, (1) P (r — Rp; Gy, 05mp — 1,,0).  (40)

31““

Here N,(ny) means the p component of n,=
(N> Mby, My, ). Then the molecular integrals of the op-
erator @s an is reducible in terms of the OEMI defined
by Eq. 36 to

n_ _k n k
Jaraurzen=-33(3) (1)
k=01=0

X Z {QCb[naynl + 1pu,My + 1#]

w=T,y,2

_‘Nu(nb)[na,nl + 1p,Mp — 1#]} (41)
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with the same angular momentum indices n;, ny,, and
nr, given in Eq. 38.

B. One- Electron Operators ¢; 2,11 and
O22n-1. The one-electron operators @ 5,41 and
Os,2n—1, contain the factor 7"1_1 which is the only essen-
tial difference from the operators @ 5,, and @5, in
the previous subsection. This factor is rewritten by the
use of the hypergaussian function as

_ 2 [
! o= —7 /0 du exp[-u®(r — R;)?]
= %@(7’ - Rl;u270;01 0) (42)

with a reduction operator # including an integration

over u as 9 oo
A= /0 du. (43)

The integration variable u will be termed an integration
ezxpoqsnt nin later sections. A multiplication of factor
T 7, 7722 to 77" results in an increase of the angular
momentum indices in the above hypergaussian function

from 0 to n;

nlz nly nlz —1

Trz rly Tr2 ==@¢(7’_R1§u210;n170)7 (44)

then the molecular integral of & 35,41 finally takes a
form of
n+1l g
1 k
Z Z <n+ ) (l) R[N, 1, 105)
(45)
with angular momentum indices n, nsy, and ny, being

/ dr¢e O ont106 =

Nre =2n — 2k + 2, nyy = 2k — 2, ny, = 21, (46)

and generalized nuclear attraction integrals (GNAIs)
defined by

- ,%/dr@(r ~ Ra;Ca, 0514, 0)

x & (r —Rl;uz,O;nI,O)
X @(r — Rs; (b, 051, 0). (47)

Rna,nr, 1)

Note that the true nuclear attraction integral corre-
sponds to the GNAI with n;=0.

The effect of r;-V in @ 3,1 is similar to that dis-
cussed in the previous subsection, then the molecular
integral of @5 2,_1 becomes

Joneimn= SE() ()

X > {20 RMa, s + 14,10 + 1]

KU=T,Y,2

—Ny(ny) Bna, s + 14, m5 — 1]}
(48)

with angular momentum indices nz,, ng, and nz, now
taking values of

Niz = 2n — Qk, Niy = 2k — 21, Nry = 21. (49)

C. Two-Electron Operators @33, and @4 2,.

The factor of a form 725 in the two-electron operators
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O3.9n, O32n+1, O4on, and @4 2,1 is rewritten in terms
of its cartesian components as

iy = (ri—m)?

2 2 2 \N
= (r12z + Ti2y + 7122)

N k N k
2N -2k _2k—21_ 21
ZZ (k) (l) T2z Ti2y Ti22) (50)
k=01=0
n
and the factor of a form 7327 r5"Y r132* in the last ex-
pression is a two-electron moment operator which is

expressible in terms of two-electron hypergaussian func-
tion as

Il

ni12gz,."12y N12; _
TIa2" 19, T132” = &(71 — 1r2;0,0;n12,0). (51)

The molecular integrals of the operator @3 o,

//drldr2¢a(7‘1)¢c(7‘2)é’3,2n¢b(7'1)¢d("'2)

are reducible by the use of two-electron moment inte-
grals (TEMIs) denoted as [n,, n., ni2, Ny, Ng)

[Ma, Mc, M2, Tb, Ng)
/ dr1dradade (1 — 72;0,0; 112, 0) by

= //d’r’ld’l‘2¢(’l’1 — R;;¢a,0;14,0)
x @(r2 — Re;(c, 05, 0)
x @(r1 — 1r2;0,0;n12,0)
x @(r1 — Rp; (p, 0;mp,0) D(r2 — Ry; 4, 0;14,0) (52)

as

//drld"2¢a(”‘1)¢c(7‘2)@’3,2n¢b(1’1)¢d(r2)
iZ( ) (k) M0y e, 12, 75, 1] (53)

with angular momentum indices ni2,, n12y, and nio,
taking values of

N2 = 2n — Qk‘, Nig2y = 2k - 2[, nig: = 21 (54)

Taking into account of the effect of r5:(V1i—V3) in
the operator @, 2, on the cartesian Gaussian functions
¢p and ¢4, we have the expression of the molecular
integrals of operator @4 2, as

/ / dr1drada(T1)$e(r2) o znds(11)a(r2)

=556 ()

X Z {26[na, Ne, 12 + 14, My + 14, 124g]

B=T,y,2
—2¢a[Na,Me, M2 + 1y, Tp, g + 1]

—Nu(np)[na, me, 12 + 14, M6 — 14, 1]

+Nu(nd)[na, Ne, M2 + 1#) Np, Nd — 1#]} (55)

with the same angular momentum indices ni2;, M2y,
and myo, given in Eq. 54.
D. Two- Electron Operators @3 2,11 and

O4.2n-1- The two-electron operator 7"1’21 in @3 2n41
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and @4 o1 is expressible as
Ty = m/o du exp[—uQ(rl —r2)2]
= RBd(r, —7re;u*,0;0,0) (56)

with the reduction operator Z given in Eq. 43. The

T
product 732 r5Y 1322 77y reduces to

n n12
Tlgjwruyyrﬁlfﬁ*u = RP(r1 — rosu’, 0; ni2,0)  (57)

The molecular integral of @3 2,41 becomes
//d"‘ld"'2¢a(7"1)¢c(7'2)@)3,2n+1¢b(r1)¢d(7'2)
n+1l k
=>.> (n ;: 1) (’;) Rna,ne,mi2, np, nal (58)
k=0 1=0

with generalized electron repulsion integrals (GERIs)
defined by

R [na,nc, N2, Nb, N
=%’//dr1dr2¢a¢c¢(r1 —ro;u®,0;m12,0)ppda
~ [ [dridrao(r -
X &(ra — Re; (., 0;nc, 0)
x ®(r1 — r2;u?, 0;m12,0)
x ®(r1 — Ryp; (b, 0514, 0) &(r2 — Rg; (4,0;nq,0), (59)

R;;¢a,0;n,,0)

(the true electron repulsion integral is the GERI with
n12=0), and angular momentum indices 1124, n12y, and
n12, being

N2z = 2n — 2k + 2, nigy = 2k — 21, ni2; = 2L (60)

Taking into account of the effect of r3:(V;—V3) in
@42n—1 We have the expression of the molecular inte-
grals of @4 2n_1 as

/ /drldrz¢a(7’1)¢c(7'2)@’4,2n—1¢b(7'1)¢d(7'2)

-5 ()

X > {20 R[Ma, Me, 12 + 1y, M + 14, M4)

p=T,Y,2
_QCdg[nay M, NM12 + 1, My, Ny + 1/_1,]
—Nu (1) R[Na, M, M1z + 1,1 — 1y, ]

+Nu(ng) Rna, ne,n12 + 1, m,m0 — 1]} (61)

with angular momentum indices 112z, n12y, and ni2,
being

N2z = 2n — Qk, ni2y = 2](: - 21, N2, = 2l (62)

III. Recurrence Formulas

For the calculation of molecular integrals of operators
O1.2n, O120+1, O22n, O22n-1, O3 21, O3 2041, O42n,
and @4 2,1 we need OEMIs [n,, n;, n] in Eq. 36,
GNAIs Z[n,, n;, ny] in Eq. 47, TEMIs [n,, 1., 12,
ny, ng] in Eq. 52, and GERIs #[n,, n., nia, np, N4
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in Eq. 59. We give the recurrence formulas for these
integrals in this section.

First we note that the following equality, which we
call “horizontal relation”,'®

(r — RI);» =(r— Ra)u + (Ra — RI);L (63)
allows us to rewrite [n,, ns, ny as

[Ma, 1, M) = [N + 1,10 — 1,4, 1)
+(Ra - Rj)u[na7n1 - 1p7nb]7 (64)

where the angular momentum n; in the right hand side
is now decreased to n;—1,. Repeatedly using this rela-
tion for both m; and ny, we arrive at the integrals [n/,
07, 0], namely, both n; and n; are reduced to zero.
In other words, if we have a set of the integrals [n), 07,
0] for n/, from n, to n,+mn;+mn;,, we can calculate [n,,
nr, np] by the use of the above horizontal relation.

Similarly the GNAIs, TEMIs, and GERIs can be cal-
culated from sets of integrals Z(n),, 0;, 0], [0}, n.,
1)y, 05, 04], and Z[n),, n,, ni,, 04, 04], respectively,
by the use of the horizontal relation. Furthermore the
last two sets of the integrals are obtainable from another
sets of [n),, ), 012, 03, 04], and Z[n’, 0., 012, 0y, 0]
by the use of equalities given in later subsections. Then
we shall give the recurrence formulas for these latter
integrals based on the work given by Honda, Sato, and
Obara.'® The equations in their paper will be denoted
with “HSO-", such as Eq. (HSO-100).

A. OEMIs. The recurrence formula for the one-
electron moment integrals (OEMIs) [Eq. 36] with both
n; and n, being zero, [n,, 07, 0], is reducible from
Egs. (HSO-114) and (HSO-115). The terms including
N, (&), Myu+1, or ¢;+1, (i=a,I,b) will become naught
after the reduction. That N, (l;) is zero comes from be-
caue the index I; is zero in the OEMI [Eq. 36]. The
index g;;, (p component of g;) is the power of k;, [Eq.
(HSO-113)], then a positive value of g;, reduces the in-
tegral to naught since k;, (@ component of k;) is also
zero in the OEMI. The index M, is the power of an in-
tegration exponent ¢, [Eq. (HSO-113)], although there
is no integration exponent in the OEMI. If we multi-
ply the integrand of the OEMI by [&(r— R,; (., 0; 0,
0)]¢, =0, which is identically unity [Eq. 33], the OEMI,
now, includes the integration exponent (,. A positive
value of M, reduces the integral to zero since (, is
zero. Finally noting that N,(n;) and N,(n) are zero
because of n;=n,=0, we have

1
[Pa +1,] = (Re — Ra)u[na] + %Nn(na)[na —1,]. (65)
Here 0; and 04 in the integral [n,, O;, 03] have been
omitted for simplicity. R¢g and (g reduce from Eq.
(HSO-50) and Eq. (HSO-49), respectively, to

Ro = 2—2;(@& +CGRy), (66)
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e ={Cat G (67)

The initial integral of the recursive calculation is found
from Eqgs. (HSO-120) and (HSO-98) to be

[04,01,00] = S5, (68)

S = (1)3/2 exp [— Calh (R, — Rb)z] . (69)
¢e Cc

by noting that the factors including k; (i=a, I, or b),

My, or My, become unity since k;=0 and the integra-

tion exponent (, is zero.

B. GNAIs. The generalized nuclear attraction
integrals (GNAIs) #[n,, nr, np] involve the integration
over u in Z[Eq. 43], so that we are to employ auxiliary
GNAIs which will be denoted as [n,, nr, ny|M]

u2

M
CG—+-’U,—2> [na, ’n[,nb] (70)

[Na,nr,m | M) = %(
with (¢ defined by Eq. 67. As can be seen from this
definition, the auxiliary GNAIs with M =0 are the true
GNAIs.

The recurrence formula for the auxiliary GNAIs with
both m; and n, being 0=(0,0,0), [n,, 0;, 0;|M], is
reducible from Eqs. (HSO-114) and (HSO-115). Noting
that the terms including 1, -1, or ¢;+1, (i=a, I, or b)
become naught because of I;=k; =0, we have

[na + 1, | M]
= (Rci — Rao)u[na | M] = (Rg — Rp)u[na | M +1]
505 Numal{[ne = 1 | M] = [na — 2, | M + 1]}
(71)
with the definition of R given in Eq. 66, and 07 and 0,
have been omitted. The initial integrals of the auxiliary

GNAIs are reduced from Eqgs. (HSO-120), (HSO-98),
and (HSO-99) to be

[04,07,0, | M]

u2 M
g(m) [Oa,OI,Ob]

2 (C—G> Y e E), (72)

™

where Fys(U) comes from the integration over u in Z of
the factor &((u/Z, Cc(Re—R.)?, My,) in Eq. (HSO-
120). Replacing ¢y, Z, R,, and M,, in the factor by
u?, (Cg+u?), Ry, and M, respectively, we arrive at

1
Fu(U) = / ¢ t2M exp [~U#Y, (73)
0
with
U =(c(Rc — Rr)°. (74)
#c has been given in Eq. 69.
C. TEMIs. The two-electron moment integrals

(TEMIs) with n12=0, [n,, n., 012, ny, ng), are actually
the product of one-electron overlap integrals
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[na, e, 012, 3, g] = //drldrz¢a¢c¢b¢d
= ([ ariguss) ([ arasesa)
= [Na, n][nc, ] (75)

The one-electron overlap integrals [n,, 0;] satisfy the
recurrence relation'”
[na+14, 0] = (Rg— Ra)u[na, 0]+ 55— 2C Nu(na)[ne—1,,0)

(76)
and so as to [n., 04] with n., R(z) and C( ) instead of

n,., Rg, and (g, respectively, Where ¢ (G and R(G mean

D=+ (77)
RY = %(@Rc + CaRa). (78)
G

Then the evaluation of the TEMIs [n,, n., 012, 05, 04]
is readily accomplished by taking a product of [ng, 0]
and [n., 04]. In order to increase mi2 in the integrals
[Ma, Me, M2, 0p, 04], we use Eq. (HSO-62). Noting
k12=0 and @ =0 (since (;2 is zero), we have

[P, e, m12 + 1] = (Re — Rg))u[na,nc,nu]

1
+-— N, (n12)[na, N, n12 — 1]
2pc

1
+“_Nu(na)[na — 1pu, N, n12]

2¢c

2<1(2) Nu(ne)na, ne — 14,12, (79)
(2)
P = cccfc(”’ (80)

where 0, and 04 have been omitted for simplicity.

D. GERIs. The generalized electron repulsion
integrals (GERIs) #[n,, n., mi2, Ny, ng] involve the
integration over u in Z[Eq. 43], so that we are to em-
ploy auxiliary GERIs which will be denoted as [n,, n.,
N2, Ny, ndlm]

[na, Mc, M12, b, Tea | M] = ZO™ [Na, e, N2, b, Ta), (81)

’U,2

" opg +u?’
The auxiliary GERIs with m=0 are the true GERIs.
The recurrence formula for the auxiliary GERIs with
only m, being nonzero, [n,, O., 012, 05, 04|m], is re-
ducible from Eq. (HSO-150). Since I; (i=a, ¢, 12, b, d)
are zero, the factor N,(l;) becomes naught. The recur-
rence formula takes finally a form of

(82)

[na + 1, |m]
=(Rg — Ra)u[na|m] — (W — Rg)u[na|m+1]
g Na(a) {0 = 2 ] = 2y 2, | m+ 1},
Ca

2¢e
(83)

with 0., 012, 0y, and 04 being omitted. W denotes
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1
We = @)
CG + CG

The initial integrals of the auxiliary GERIs are re-
ducible from Eq. (HSO-97) to

((cRc + (P RY). (84)

[04,0¢,012,05,04 | m] = ZO™[04, 0, 012,05, 04)
1

where ¥ and F,,(T) have been given in Egs. 69 and
73, respectively, and . é) and T mean

3/2
,5/(6,2) = (%) exp [— Cc(g(; (Re — Rd)2] ) (86)
¢ e
T = po(Rg — R?)2. (87)

In order to increase the angular momentum n;s in [n,,
0., 012, 0p, 04|m] we use Eq. (HSO-91). Noting I;=
k;=0 (i=a, c, 12, b, d), we have

[nd,nl? + 1, | m]

= (Re - RD)u{[na,n12 | m] — [na, ma2 | m + 1]}

1
+5—Nu(ni2){[na, n12 — 1, | m]
PG

—[na, 12 — 1, [ m + 1]}

+%Nu(na>{[na

—[ne — 14, m12 | M+ 1]} (88)

—1,,n12 | M]

Here the indices 0., 0y, and 04 have been omitted. For
the increase of angular momentum n. in [n,, 0., N2,
04, 04|m] the horizontal relation given by Hamilton and
Schaefer'® is applicable

[Na,nc + 14,12 | M]

- [Pa + 14, e, M2 [ M)
G
{ (2) (Rc — Ra) + (R(G?) - RC)} [0, e, M2 | M)
‘o 7
+CC(;) [Pa = 14, e, 12 | M
+_—C(7)[na7nc_1p,,n12 |m] (89)
e

(The indices 0, and 04 are omitted.) This relation is de-
rived for true electron repulsion integrals, namely, both
ny2 and m being zero in the auxiliary GERIs, however,
holds for nonzero values of these indices.

IV. Contracted Integrals

In usual ab initio calculations the contracted Gaus-
sian functions are used. The contracted Gaussian func-
tion x, takes a form of

Xa = Z Das¢as~ (90)

Here the primitive Gaussian functions ¢,s; have the
common function center R, and angular momentum n,
while distinct orbital exponents (,s. We discuss how
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the integrals over the primitive Gaussian functions ¢
given in the previous section are to be transformed for
the calculation of molecular integrals of the operators
O12ns O120+1> O220, O220-1, O32n, O3.2n+1, Ot 2n,
and @4 2,1 over the contracted Gaussian functions. In
order to distinguish the contracted integrals from the
integrals over the primitive Gaussian functions we use
brackets (<>).

One-electron moment integrals over the contracted
Gaussian functions, <ng, ny, n>, can be obtained
from <ng, 07, 0>

< N, 07,0, >= ZZ DgsDyi[na, 01, 0] (91)
Ealar

by making use of the horizontal relation (63) as

< MNg,Ny + 1,,Np >
=< Mg+ 1u,Nn7,Np > +(Ra — R])M < Ng,Ng,Np >,
(92)

< MNa,N1,Mp + 1, >
=< Mg + 1pu, N, My > +(Ra - Rb)p < Mg, My, Ny > .
(93)

Then the molecular integrals of @5, over the con-
tracted Gaussian functions are readily calculated by the
use of a set of <n,, ns, ny> [see Eq. 37] as

/ d"'Xa é)l,QnXb

=33 DDy [ dréus@iandu
= Z zk: <Z> (?) ZZ DasDbt[na,nIynb]
ziz(’lg (’;) < ay iy > (94)

If we multiply 2¢;; at the calculation of <n,, 07, 05>
in Eq. 91

< M4, 07,055 >= D> DasDp2(se[na, 01,04,  (95)
s 1

and use the horizontal relation (63), we can get a set of
contracted integrals taking a form of <n,, n;, ny; (3>
then we have the molecular integrals of @, s, [Eq. 41]
as

n_ _k n k
[arxtunn =-33(3) (1)
k=01=0

X Z {< na7n1+1u7nb+1#;<.b>
H=T,Y,2
—Nu(np) < na,nr+1,,m5 —1, >}

(96)

Similarly we can obtain the remaining molecular inte-
grals over the contracted Gaussian functions. Necessary
contracted integrals are sets of
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<MNg, N, Ny | O;Cb>7

<Mg, Nc, N12, Tb, Ng; (b >,
<MNag, Nc, N12, T, Ng; Ca >,
<Ma, Mey, N2, M, Mg | 0>, <Moa, Nc, M12, b, g | 05 Cp >,
and <Ma, M, M2, Mo, g | 05(g>,

<Mg,nr,np | 0>,
<MNg, Nc, M12, Np, 4>,

which are obtainable by the use of the horizontal rela-
tion (63) from sets of corresponding integrals with some
angular momenta being zero, namely,

<M4q,07,0, | 0; >,

<TMa, Ne, N2, 0, 04; (>,
<na,nc7n12yob70d;<d>a
<'na,nc,n12,01,,0d I 0>, <na,ncan127ob»0d | 01 Cb>7
and <Mg,Nc,N12,0p, 04 I 0;¢a> .

<M, 07,05 | 0>,
<MNg, Ne¢, N12, 0, 04>,

The integrals of @, 2,1, for instance, become

//drldrzxu(1‘1)Xc(7‘2)@74,2n—1Xb(7'1)Xd("'2)

=550 ()

X > {<Ma,me,niz+ 1M + 14514 | 0;G >
p=zT,y,z

— < Mgy Ne, M12 + 14, T, Ma + 15| 0;Ca >

—Nu(np) < g, ne, M2+ 14,Mp — 1,14 | 0>

+Nu(na) < Mo, N, M1z + 14, Mg, Mg — 1, | 0 >}, (97)

with <ng, n., nia+1,, ny+1,, ng4|0; ¢,>, for example,
obtained by the use of the horizontal relation from <n/,,
n,, Ny, 05, 04, |0; (5> which has been calculated by

’ ro
< na1nc»n12a0b70d | O;Cb >

= Z Z Z Z DasDthcude
s ¢t u v

x2Cot[ng, My W12, 06, 0a | 0]. (98)

V. Strategy of Computation

The calculation of molecular integrals of the oper-
ators @1 o0, O12n+1, O22n, O22n—1, O32n, O32441,
O42n, and O4 on 1 should be carried out with the fol-
lowing scheme:

1) calculate primitive integrals with some angular mo-
menta of basis functions being zero;

OEMIs [ng,0;, 0],

GNAIs [n,, 07,0, | M],

TEMIs [’na,’nc,olz,ob,od],
and GERIs [ng,O0c,012,0s,04 | m],

by the use of the recurrence formulas Eqgs. 65, 71, 76,
and 83, respectively,

2) then increase angular momentum n, in TEMIs to
[n),, nl,, iy, 0y, 04] by making use of the equality (79),
and n. and n;; in the GERIs to [n), nl, n},, 0, 04, |0]
with the helps of equalities (89) and (88), respectively,

3) transform the primitive integrals into contracted
ones
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OEMIs; <n,, 05, 0,>
GNAIs; <n, 07, 05|0>
TEMIS, <n:1) n:':y nl121 Oba 0d>,

and <ny, 05, 0p; o>,
and <ng, 05,04 |0; (>,
<n,,mg,niy, 0p,04; (>,

and <ng,ng,nig, 0, 04; (a>,
and
GERIS; <n;, nf:, nll2’ 0b7 04 l0>a<n:la n’c, n’12, 0b7 Odlo; Cb>1
and <n;7nlcvn;.21ob»0d|0;gd>7

such as in Eqgs. 91 and 98,

4) increase the remaining zero angular momenta of
basis functions in the contracted integrals by the use of
the horizontal relation (63), and finally

5) multiply the binomial coefficients and take sums of
them in order to get the contracted molecular integrals
of the operators @1 2n, @1 2n41, O22n, O22n-1, O3,2n,
O32n+1, Oa2n, and Oy on_1.

It is to be noted that the use of the recurrence and
horizontal relations is one of keys to efficient calcula-
tions in the above procedure. We also note that when
we have prepared integrals for the maximum value ngyay
of n in the operators @1 2n, @12n+1, O22n, O22n-1,
O30, O32n+1, C42n, and @4 2,1 We can reuse them
for lower values of n. This feature also makes the
present scheme efficient.

The formulas are complicated, but their computation
can be made simple. All the calculations can be decom-
posed into a set of the following basic operation,

(integral) addition (coefficient) x (integral), (99)
namely, an addition of a product of a coefficient and an
integral to another integral. If we assign serial numbers
to all the coefficients and integrals for a particular set of
angular momenta n,, ny, n., and ng of the basis func-
tions, and express necessary basic operations in terms
of the serial numbers;

(serial number of integral)
dditi .
Py (serial number of coefficient)

X (serial number of integral), (100)

all the calculations are expressible as a set of three serial
numbers. This scheme simplifies the management of in-
termediate data in the calculation and the removement
of unnecessary arithmetic operations in the basic oper-
ations. The generation of the basic operations in terms
of the serial numbers is not time-consuming, so that
it can be carried out for each set of angular momenta
g, Ny, N, and ng before actual evaluation of molecu-
lar integrals without sacrificing the computer time. Of
course, it is more efficient to store the basic operations
as a data or as arithmetic codes in the program.

VI. Summary

We have formulated the molecular integrals over the
cartesian Gaussian functions of the spatial operators
O1 20, Or20+1, O22n, O220-1, O32n, O3 2511, O42p,
and @4 2,-1 in the equation of correlated electronic
wave function satisfying the two-particle correlation
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cusp condition. The molecular integrals of these op-
erators have been classified into one-electron moment
integrals, generalized nuclear attraction integrals, two-
electron moment integrals, and generalized electron re-
pulsion integrals, and their recurrence formulas are re-
duced from those of the integrals over hypergaussian
functions given by Honda, Sato, and Obara.'® An effi-
cient computational method is proposed by decompos-
ing necessary calculations into five steps, which allows
us to carry out recursive calculations, to make use of
the horizontal relation, to reuse intermediate integrals
as much as possible, and to employ the contracted basis
functions. Decomposition of all the calculations into a
set of basic operations, which consist of a set of three
serial numbers of integrals and coefficients, is also pro-
posed in order to avoid cumbersome tasks at the coding
of programs, such as, whether right integrals and coef-
ficients are referred, evaluated values are added to right
integrals, and unnecessary arithmetic operations are in-
cluded.

The present formulas for the molecular integrals are
closely related to those given by Largo—Cabrerizo and
Clementi.?’ Their formulas, however, are given in terms
of primitive parameters without using intermediate in-
tegrals, which is in contrast to the present formulation.
Therefore their formulas are not readily useable for an
efficient computation of the molecular integrals.

The calculations based on the present formulation of
molecular integrals are in progress.

The present research is supported in part by a Grant-
in-Aid for Scientific Research on Priority Area “Theory
of Chemical Reactions” from the Ministry of Education,
Science and Culture.
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